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MATHEMATICS IN THE FIELD OF HISTORY

1. Introduction

Galileo asserted that the languag e of science was mathematics, a
dictum well substantiated over the intervening years. The outstanding suc-
cess of this methodology iu the physical sciences has held out the hope for
many years that a number of aspects of human affairs could similarly be

stud ied using these procedures . Man y people , however , ma intained that
mathematics had no role in these areas because of the presence of so many
qualitative rather than quantitative factors. They believed that mathematical
reasoning can be f ruitful ly employed only in domains where numbers , formu-
las , and clockwork regularities abound. This belief is fortunately not cor-
rect as we wish to explain briefly in what foll ows.

Some of this pe ssimism stems from a basic misunderstanding of the
nature of mathematics, some f rom the usual prejudice that impedes relation s
between cultures and some from a fear instilled by Sunday supplement sci-
entific propaganda frequentl y centering around computers. In this connection ,
let us note that it is sad that as a general rule mathematician s and scientists
are far more familiar with the humanities than conversel y.

In this paper we wish to emphasize the symbol manipulation capacity
of the digital computer. We shall give some examples to illustrate this.

Finally, we wish to diecuss kiadistics , a theory connecting one event
with another, a fundamental part of the field of history.

We shall give some references for further  reading .

2. Mathematics
S.ctIon~~Let us describe mathematics as the study of conceptual structures , ~t ion 0

their transformations over time , and their interactions. If we replac e the

car efully chosen vague term “structure” by the equally vage term ‘system ’ 

Disi. .
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and speak of the study of human systems over time , we obtain a reasonably

good quick definition of the field of history.

Accepting the fact tha t any human ac tivity must possess structure ,

Indeed many different types of structures , i t is plausible tha t any field can

profit by the use of mathematical thinking . This was a popular idea during

the Renaissance with great influence upon art , a rchitecture and music. The

interaction of mathematics with music goes back to the Greeks.

It Is the function of the mathematician to discern and use this struc-

ture.

3. Classical Use of Mathematics

The classic use of mathematics is quite stylized. The structure
(system, process , etc . )  under consideration is f irst  endowed with properties

or qualities such as “posit ion , ” “velocity” and so on which can be described
in nume rical ter ms, Some, bu t not all , of these can actuall y be measured.
This modeling, as the activity is called , of course, requires intimate knowl-
edge of the field and a great deal of trial and error.

No mathematical theories are intrinsic; all are superimposed. In
order to appreciate the effort involved , it is essential to note that when we
view existing approaches, we see only the successes. It is very difficult to

estimate the ratio of successful to total attempts.

Next, certain rules are introduced to tell how these numerical

quantities chang e over time. For example, there is the famous law of N ewton ,
F = ma, force equals mass times acceleration. Acceleration is change of

velocity; velocity is change of position. Using calculus , these statements
translate into simple equations (usually differ ential equations) which can be
applied by a scientist, or mathematician, to predict the future behavior of the
sys tem, i.e., to predict the future given the present, and sometimes to dis-
cover the past. This usually requires an enormous amount of arithmetic,
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whence the great  s ignif icance of a dig (ta l  or analog computer.  This device

has been responsible for two scientific revolution., but this is a story in

itself.

We have spoken in terms of equations~ which means using an analytic

language. Mathematics , however , has many languages at its disposal. A

geometric , or topological language m a y  be more useful and intuitive in many

situations. Also , there is the technique of algebra. In describing structure,

geometry and alg ebra will play a large role.

4. Basic Abilities of the Computer

When we use the term “computer ” we are thinking of a device that

possesses several remarkable properties.  It can do ar i thmet ic  on a grand

scale , it can store and retr ieve numbers or data that can be translated into

numerical symbols; it can follow Instruct ions to perform these operations ,

and to display intermediate and final resu lt s .  Thus , a dig ital computer can

evaluate an ari thmetic expression such as 1 x 2 + 3 x 4 + 5 x (‘~ + 7 x 8 + 9

in the following steps:

1 x 2 = 2; store 2

3 x 4 = 12; add 2 4 12 14; store 14

S x h 30; add 30 4 14 44; store 44

7 x 8 56; add ‘~6 + 44 100; sture 100

Add 100 + 9 109; Answer .

The numerical  solution of the equUion s of celest ial  mechanics re-

quire nothing more than this cont ’ptual ly ,  g iven the laws of m ot ion,  and

little more than this a r i t h m et i c a l l y .

Presumably, these facts should greatl y intiueuce the presentation of

scientific theories and make widely available the scient ific heritage be-

queathed by auch scientists as Archimedes , Galileo, Newt on , Euler , Gauss.

Unfortunately, those who have painfull y acquired knowledge generall y have
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little desire to share it , consistent with the meJ ieval  id ea that “knowledge

is power. ‘ This , however , is another digression.

Use of the computer is never routine. Although the basic ideas are

simple, a great deal of akill is required to obtain numerical answers to

numerical questions. One of the great  advantages of the digital computer is

that it never gets bored.

Before the development of the di g ital computer , it was impossible

to treat the processes of the social sciences because of their complexities.

There are so many interactions and variables to consider that a treatment

by hand is Impossible.

5. Symbol Manipulation

The foregoing arithmetical ability, important as it is, is only a

special case of a more general skill of the computer , symbol manipulation.
- 

Thus , for example, the computer can deal with general nonnumnerical symbols

A, B, C, D, E, with the rules (algorithms): At each stage

1. A transforms into C

2. B into A

3. C into D

4. D into B

5. E into B.

We may then ask the question: If we start with the set of symbols

ADE, what set will we have after 100 stages, after 1000 stages?

We can answer this by hand , of course: Referring to the transforma-

tion rules above , at the end of one stage , we have

ADE -m CBB

At the end of two stages,

CBB -. DAA

‘4
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At the end of three stages

DAA -. BCC

and so on. There are as might be expected more sophisticated approaches
to questions of this type but thi s is of no matter here. These problems may
be easily resolved by the use of matrix anal ysis.

The digital computer can carry  throug h these operations in micro-
seconds and either print out the final result , any desired intermediate re-
suits or the entire sequence. Alternativel y, it can display these results on
a computer screen as desired. The investiga tor  can by pressing a few but-
tons ask question s such as:

“What would have happened if we started instead with A B E ? ”
“What would have happened if the t ransformation rule was
changed slightly, i .e . , A - m D ? ’

“~~ould we ever end up with all A’ s, i . e. ,  could B, C, D , and
E ever dlsappear?”

The computer frees us from the burden of elementary operations and
permits us to spend our time instead thinking up significant questions , inter-
preting results and improving mod el s of real systems.

6. Chance Effects

The foregoing was an example of a deterministic process , much too
rigid for most scientific and engineering purposes and certainl y so for the
social sciences. We could equally weU , however , allow for chance effects ,
or In more mathematical terms , stochastic effects. Thus , we can allow
rules of the following type.

1. There Is a probability of 1/2 tha t A transforms into C ,
a probabilit y of 1/2 that A becomes B.
2. There is a probability of 1/3 that B becomes C, D , or
A,

and so on.
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The computer in various ways can replicate thi s process, r unning

thru it a large number of times to determine average behavior or extreme

behavior. Generally it readily allows an examination of a huge set of pos-

sible patterns. Thi s is often called a Monte Carlo procedure.

One of the advantages of a digital computer here is that it is very

difficult for the human mind to follow all possibilities. There is a great

tendency to overlook certain paths .

Again, many of these problems can be handled by matrix analysis.

7. Complexi~~

In many applications the transformation of a symbol depend s upon the

presence of other symbols. Thus , the rules (al gorithms) may read:

A transforms into C if B is present , otherwise into D, and
so on.

We can combine thi s more complex algorithm with the stochastic behavior

described above to obtain more realistic description s of processes.

It is essentially impossible for the human mind to perform an enu-

meration of cases systematicall y for a large n umbe r of stages in a process

of this nature. The computer can , however , with the aid of simple programs

(sets of computer instructions) carry out a thorough examination of cases

and display the desired data in various ways.

It can , in addition , following another computer program interpret

the results , select significant data , alter hypotheses to fit the observed facts

(as a good scientist or historian might), add relevant factors , and so on.

How far it can go in an analysis depends upon the trained and experienced

human carrying out the investigation, i. e., upon the expert. Part of this

training in expertise can now be furnished by computer studies of this nature,
accelerated and motivated.

We can now stud y the fascinating “W hat if ... “ questions of history,
and explore countless hypotheses.
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A description of the abi l i t ies  of the c I l ~ it3l omputer will be found in

Bellman, R . ,  Introduction to A r t i f i c i a l  Inte1li ~~~nce , in process.

8. Music Generat ion

Viewed abstractl~’, we have a method of generating mus ic  by computer .

This is one of the standard techniques that is used.  \Vc can do several

things.

First of all, we can take a particular composer and analyze his style

and generate  the kind of mus i c  tha t he would.

Secondl y , by the use of these  n~ethod3 , we can genera te  new mus ic .

Before the computer , t his was done b y Sch i l linger , see

Schillinger , J oseph, SchiUinger system of Mus ica l  Composition. Carl
Fischer, Inc., New Yo rk, 194&) (not in print);

Schiflinger , Joseph , Mathematical i3asis of the Art s. .l ohnson Reprint Corp. ,
New York , 1948;

for Tin Pan Alley composers who were out of ideas. The method was also

used by Mozart , see

W. A. Mozart , Fhe Dice Composer. Koechel , ~94D , A. Laszlo.  ed.

9. SimulatIon

The reader versed in t h ~ c lass ica l  cses of ma thema t i c s  in s ience

will realize that there is nothing conceptuall y new so far despite the absence

of numbers.

Wc do begin to encoimter ~oncept uall y novel processes when we do not
allow the luxury of specifi c symbolic descri ption, the existence of explicit

rules of transformation, or the presence of a criterion for behavior. None-

theless, we ins is t  upon deci sion-making . This  is t ypical  of much political ,

economic , business and m i l i t a ry  dec ision -mak ing.  A lthough  t h i s  kind of



process can f r u i t f u l l y  be etue1~ed by s im u l a t i o n  t e ch n i ques . soi i ie  new idea s

are  required which ar e discu ssed  in ano the r  pl ace , sec

Bellman , R. and C. p. Smith , S ln lu ldt i on  in Human  S ems - Deci s ion-
Making In Psychotherapy,  J ohn W i l e y  & Sons . Inc . . New York , !973.

We have not discus sed s imuLa t ion  here  since it is d iscussed in other

ar t ic les  in the book.

10. A Stmple P r o c e s s

Suppose that we wish to study the pro~.e’ss involved in a South Am er ican

or Afr ican coun t ry  chang ing f rom  one fo r m  of go~ eruncent  to another , say

f rom a t radi t ional  mi l i ta ry  d i c t a t o r s h ip  to the t r ad i t iona l  Communis t  d ic ta tor -

ship.

We might begin by l i s t ing  severa l  qu ali t ies:

A: s t reng th  of Cathol ic  church

B: economic level

C: strength of mil i ta ry

D: climate

E: s t rength  of middle class

F: strength of r ev o l ut i o n a ry  movement.

In place of a single sv :n bol . w e  migh t  now use one , two or three.

Thus , A denotes weak inf luence  of Church , AA moderate influence,  AAA

strong influence; D d e n o t e s  poor c l imate , Dl) moderate , DDD excellent , et c.

Thus , we might  wr i te  some ru les:  1” — FF if B. DDD. and A or AA , and

so on. Each country wi l t  possess i t s  own descri ption s and i ts  own transforma-

tion rules. We can then ask for  sonic lon g- t erm  trends and predict ions.

Similarly,  we can study the evo lu t ion  of ce r t a i n  legal concepts from

the Magna Carta to Holmes . the decline  of f euda l i sm , the decl ine  and fall of

the Roman empire and in gene ra l  t he’ working s over tin-i t’ of any iden t i f i ab le

historicaL , econ omic and polit ical  forces oti a pa r t i cu l a r  system. 
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It is essential to note that the computer  here  is ~i l og ic  machine .

exploring the consequences of the data and hypotheses  tha t the expe rt s  f u r n i s h ,

Different  experts, different  predict ion s.

11. Fuzzy  Systems

We have been using the theory 01 f u z z y  systems , t he  c rea t ion  of Lotfi

Zadeh. The theory of fuzzy  systems enables us to handle q u a l i t a t i v e  varia-

bles. It is also anothe r approach to u n c e r t a in t y  where  c l i s s i c al  probabil i ty

is replaced by grade  of n iemb er~~h i p.

One of the fea tures  of the theory of f u z z y  systems is the use of lin-

guistic variables, as we have done above.

There are man y appl ica t ions  of the theory of fu z zy  systems to history.

For the way this theory can be used for  dec i s ion-making , see

Bellman , R. and L. Z adeh , “ D e c i s i o n— M a k i n g  in a Fu z z y  Environment .
Management Science, Vol. 17 , 1970 , pp. l 4 l - l t ~4 .

It is also true that many l a rge  systems pos sc’ss their  own logic , see

Bellman , R. and L. Zadeh , “Local and Fuzzy Logics , ‘ t o  be published.

Many othe r references will he found in these papers.

12. Kladistics

A basic question n~ s t r u c t u r a l  theory in all f ields of culture concerns

the reconstruction of evolut ionary or kiadistic trees on pathways by infer-

ences from the characterist ics  of organisms, systems, or data surviving at

the present time. Let us cite the fields of biology and anthropology, the use

of fossils in the case of archeology, and the domain of philology.

In recent years , method s hav e been developed for deducing trees

which satisfy the condition øf requiring a minimal number of evolutionary

step. of changes in characters to explain the evolutionary lustory of the set

of existing structures. See
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Camin , J. H. and R. R. Sokal , “A Method i~~r Deducing B ranching Se-
quences in Phylogeny, ’ Evolut ion.  1’~, pp. 3 l l - 3 2 L , 1965 .

Hendrickson, J. A . ,  “ C lu s t e r i n g  in Numer ica l  Cladist cs: A Minimum-
Length Directed Tree ~~~oblem , ” Mathemat ica l  Biosciences, 3 , pp.
371- 381 , 19u8.

Kiug e, A. G. and J. S. F a r r is , “Quant i ta t ive  Phyle t i c s  and the Evolution
of Anurans , ”~~y st .  Zool. ,  18 . pp . 1-32 , 19b9 .

Wagner , W. H . ,  J r . , “Problems in the C 1assifica~ion of Ferns,  in Recent
Advances in Botany, ” Univers i ty  of Toronto Press , Toronto . pp. 841-
844 , l9~~1.

Estabrook , G. F . ,  “A General Solution in Par t ia l  Orders  for the Carnin- .
Sokal Model in Phylogeny.” J ournal of Theore t ica l  Biology,  ZI , pp.
421-438, 1968.

Sankoff , D., “Mathcing Sequences Under Dele t ion / Inse r t ion  Const ra in ts , ”
Proceedings of the Nat ional  Academy of Science,  U. S. A., b . No. I
pp. 4-6 , 1972.

The principle of minimum evolution or “parsimony” is genera l l y assumed in

these papers as a suitable h ypothesis in the absence of empir ica l  laws of

evolution. General algor i thm s for these ‘ most parsimonious” t r ee s  have not

been completely studied , although a l g o r i t h m s  for  close approximation s

called “Wagner trees ” do exist . For f e r n s , see

Farr is, J. S., “Methods for Com puting Wagner  Trees , ” Syst.  Zool., Vol.
19, pp. 83-92 , 1970.

Other conceptually related t rees  are  studied in

Bellman , R . ,  K. L. Cooke and J. Lockett , Al gpr i thms ,  Grap hs and Com-
puters, Academic Press . Inc. , 1970.

A very interesting al gor i thm for reconstructing phylogenetic rela-

tionships from protein amino acid sequence data under some restrict ions

about all distance measures is given in

Beyer , W. A . ,  M. L. Stein , T. F. Smith and S. M. Ulam , “A Molecular
Sequence Metric and Evolutionary Trees , ” Mathematical Biosciences,
Vol. 17, 1973, pp. 444-461.

~ -
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A source of references is

Bellman, R. and S. Dreyfus , Applied Dyna mic Prog rammin g .  Princeton
Univers i ty  Press , 1962.

An excellent in t roduc t ion  to the subject where many  f u r t h e r  ref-

erences w i l t  be foun d is in

M a r ch i , E. and H. I .  C. Hansel! , “Genera l iza t ion s on the Parsimony
Question in Evolution , ” Mathe m at ica l_Biosc iences , Vol. 17 , No. 1/2 ,
1973 . pp. 11-34.

13. Conc lus ion

~Vhat  we hav e t r i ed  to do above is to sketch sonic of the ways in

which mathemat ics  can he used in h i s to ry .

There are  many app l i ca t ion s  of mathemat ics  to h is tory ,  and -
~~~~~ have

made no at tempt to cover  all of them.

What we wish to emp hasize  is how much opportuni t y exists.

- ‘- ~~~~~~~~ -~ .— . ~.- —~~~~ —- ~~~~~~~~~~~~~~~~~~~~~~~~~~ L~~~~T~~~~~— - =-~
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